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QRLVHGLDJQRVWLFV DUH WKHGLIILFXOW\RIPHDVXULQJYHU\ZHDNQRLVH VLJQDOV DQGRI ILQGLQJ WKHRSWLPDO FULWHULRQ IRU
DVVHVVLQJWKHWHFKQLFDOFRQGLWLRQRIWKHREMHFW
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VKLIWHGYHUVLRQVRIWKHVRFDOOHGPRWKHUZDYHOHWIXQFWLRQ1RWHYHU\IXQFWLRQFDQEHZDYHOHW,IWKHIXQFWLRQVDWLVILHV
WKHIROORZLQJSURSHUWLHVLWFDQEHQDPHGDZDYHOHWIXQFWLRQRUPRWKHUZDYHOHWȥ(t)
=HURPHDQ
  t dt\
f
f
 ³    
7KHFRQGLWLRQRIOLPLWDWLRQV
 t dt\
f
f
 f³   
/RFDOL]DWLRQ±WKHIXQFWLRQPXVWWDNHDILQLWHLQWHUYDORQWKHWLPHD[LVDQGLWV)RXULHUWUDQVIRUPLQWKHIUHTXHQF\
6RVFDOHGDQGVKLIWHGYHUVLRQRI  t\ LV

 a b
t bt
aa
\ \ § · ¨ ¸© ¹
   
ZKHUH
a WKHVFDOH
b DWLPHWUDQVODWLRQVKLIW

'HFRPSRVLWLRQRIWKHVLJQDOLQWRPXOWLSOHZDYHOHWEDVLVDOORZVDQDO\]LQJGLIIHUHQWIUHTXHQF\EDQGVLJQDOV7KH
PDLQW\SHRIZDYHOHWWUDQVIRUPZKLFKDOORZVWRVHOHFWORFDOIHDWXUHVRIWKHVLJQDOLVWKHFRQWLQXRXVZDYHOHWWUDQVIRUP
&:7
'LUHFW&:7RIWKHVLJQDOS(t)LVZULWWHQLQWKHIRUP>@
     t bW a b S t dt
aa
\
f
f
§ ·  ¨ ¸© ¹³
   
:DYHOHWWUDQVIRUPKDVWKHFRPELQHGLQIRUPDWLRQRIWKHDQDO\]LQJVLJQDO  S t DQGRIWKHPRWKHUZDYHOHW\b±
VKLIWRIIXQFWLRQ\SURSRUWLRQDOWRWLPH a ±VFDOHDVVRFLDWHGZLWKIUHTXHQF\&:7KDVUHGXQGDQWLQIRUPDWLRQEXWLW
LVDGYDQWDJHRIZDYHOHWWUDQVIRUP
&:7DOORZV DQDO\]LQJ WKH VLJQDO DW GLIIHUHQW VFDOHVZLWK WKH OHYHO RI GHWDLO LQKHUHQW WR D JLYHQ VFDOH:LWK
LQFUHDVLQJVFDOH a WKHIUHTXHQF\UHVROXWLRQLQFUHDVHVDQGWLPHUHVROXWLRQGHFUHDVHVDQGZLWKDGHFUHDVHRIWKLV
SDUDPHWHU WKHIUHTXHQF\UHVROXWLRQGHFUHDVHVDQG WKH WLPH WKDWFRUUHVSRQGVFRPSRQHQWVRI WKHVLJQDO LQFUHDVHV
>±@
)RU VLJQDO SURFHVVLQJ WKHGLVFUHHWZDYHOHW WUDQVIRUP ':7 LVXVHG LQRUGHU WRGHWHFW VLJQDO WUHQG LQ FDVHRI
K\GURJHQIXHOFHOOHOHFWULFIOXFWXDWLRQ7KLVZDYHOHWWUDQVIRUPLVEDVHGRQPXOWLUHVROXWLRQDQDO\VLV05$>@DQG
DOORZVSUHVHQWLQJWKHVLJQDODVDFRPELQDWLRQRILWVVXFFHVVLYHDSSUR[LPDWLRQV
2QHRI WKHPDLQDVSHFWV LV D VFDOLQJHTXDWLRQ DOORZLQJDSSUR[LPDWLRQSURFHVVDQG LWV VROXWLRQDUH UHIHUUHGDV
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VFDOLQJIXQFWLRQ
    n
n
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 
ZKHUH
nh  VRPHVHTXHQFH

7KHQWKHPRWKHUZDYHOHW
    n
n
x g x n\ M  ¦  
ZKHUH
 
n
n ng h   LHWKHUHLVDFRQQHFWLRQEHWZHHQ nh DQG ng 

6HW ng FRUUHVSRQGVWRDKLJKSDVVILOWHU+3)DQGFKDUDFWHUL]HVWKHIXQFWLRQ  x\ LQWXUQ^ `nh FRUUHVSRQGVWR
ORZSDVVILOWHU/3)DQGFKDUDFWHUL]HV  xI 
)XQFWLRQVIRUPVDQRUWKRQRUPDOEDVLV
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
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
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  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,QWKHGLVFUHWHZDYHOHWWUDQVIRUPWKHGHFRPSRVLWLRQRIWKHVLJQDORQWKHDSSUR[LPDWLQJFRHIILFLHQWVLVSHUIRUPHG
XVLQJORZIUHTXHQF\ILOWHULQJDQGWKHGHWDLOLQJFRHIILFLHQWVKLJKIUHTXHQF\ILOWHULQJ7KHDSSUR[LPDWLQJFRHIILFLHQWV
FRQWDLQ LQIRUPDWLRQ DERXW WKH ORZ IUHTXHQF\ RI WKH VLJQDO FRPSRQHQW DQG WKH GHWDLOLQJ FRHIILFLHQWV FRQWDLQ
LQIRUPDWLRQDERXWWKHKLJKIUHTXHQF\FRPSRQHQW
)RUWKHSXUSRVHVRIWKLVVWXG\WKHH[SHULPHQWDOGDWDRQHOHFWULFDOQRLVHIURPWKHSURWRQH[FKDQJHPHPEUDQHIXHO
FHOOZDVREWDLQHGLQWKHODERUDWRU\/(7805&1563RLWLHUV8QLYHUVLW\)UDQFH0HPEUDQHHOHFWURGHXQLWRI
WKHWHVWIXHOFHOOZDVPDQXIDFWXUHGE\KRWSUHVVLQJDUHDRIFP)RUWKHPHDVXUHPHQWVZHXVHGDV\VWHPRIGDWD
FROOHFWLRQZKLFKFRQVLVWVRIGDWDDFTXLVLWLRQERDUG1,3;,&$3IURP1DWLRQDO,QVWUXPHQWVDQGORZQRLVH
DPSOLILHU/1$PDQXIDFWXUHGRQWKHEDVLVRIWKHFKLSFRPSDQ\,1$%XUU%URZQ(OHFWULFQRLVHVRIWKHIXHOFHOO
ZHUHVWXGLHGDWPRGHRSHUDWLRQZLWKFRQVWDQWORDG51 FRQVW
(OHFWULFYROWDJHIOXFWXDWLRQRIWKHIXHOFHOODUHDQRQVWDWLRQDU\$QH[DPSOHRIDSSOLFDWLRQWKHZDYHOHWWUDQVIRUP
IRUWKHRIQRQVWDWLRQDU\VLJQDOVDQDO\VLVLVJLYHQLQ>@
7KHPDLQILQGLQJV
)RU VLJQDO DQDO\VLV WKHPHWKRGV RI GLVFUHWH DQG FRQWLQXHVZDYHOHW WUDQVIRUP LV XVHG ,Q WKLV FDVH ':7ZDV
LPSOHPHQWHGWRVHOHFWWKHWUHQGVLJQDODQG&:7WRIXUWKHUHYDOXDWHVLJQDODQDO\VLVZLWKWUHQGHOLPLQDWLRQ
7KXVZHSURSRVHWKHDQDO\VLVRIHOHFWULFDOIOXFWXDWLRQVWREHDVIROORZV

x 'HFRPSRVLWLRQRIWKHVLJQDO FCV RQWKHDSSUR[LPDWLRQDQGGHWDLOLQJFRHIILFLHQWVE\GLUHFW':7LQWKHEDVLVRI
RUWKRJRQDOZDYHOHWVIROORZHGE\]HURLQJDSSUR[LPDWLQJFRHIILFLHQWVWRUHPRYHWUHQGVLJQDO
x 6LJQDOUHFRQVWUXFWLRQZLWKGHWDLOLQJFRHIILFLHQWVE\UHYHUVH':7
x 9LVXDOL]DWLRQWKHVXPRIZDYHOHWFRHIILFLHQW   
a
W a b¦ RQWKHVFDOHV
x 7KUHVKROGLQJ RI ZDYHOHW FRHIILFLHQWV GHWHUPLQDWLRQ RI WKH YDOXHV RI WKH ZDYHOHW FRHIILFLHQWV IRU WKH QRUPDO
RSHUDWLRQRIIXHOFHOOVFRPSDULVRQWKHZDYHOHWFRHIILFLHQWVZLWKQRPLQDO

7KHGHWHUPLQLQJSDUDPHWHURI WKHZDYHOHW WUDQVIRUPLV WKHFKRLFHRIRSWLPDOPRWKHUZDYHOHW,Q WKLVZRUNZH
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FRQVLGHUHGRUWKRJRQDOGLVFUHWHZDYHOHW'DXEHFKLHVIDPLO\,QWKLVFDVHZDYHOHWEDVLVLVVHWXVLQJLWHUDWLYHDOJRULWKP
ZLWKVFDOLQJDQGRIIVHWRIWKHVLQJOHIXQFWLRQ,I\RXVHOHFWDZDYHOHWZLWKDVLJQLILFDQWQXPEHURIYDQLVKLQJPRPHQWV
LV D ORVVRI LQIRUPDWLYH SDUDPHWHUV RI DQDO\]LQJ VLJQDO)RU DOO SKDVHV RI WKH H[SHULPHQWDO GDWDXVHG'DXEHFKLHV
ZDYHOHWRIVHFRQGRUGHUGE7KHVWXGLHVKDYHGHWHUPLQHGWKDWVLPLODUUHVXOWVDUHREWDLQHGXVLQJZDYHOHW6\PPOHW
V\P7RYLVXDOL]HWKHUHVXOWVRI&:7XVHWZRGLPHQVLRQDOUHSUHVHQWDWLRQRIWKHZDYHOHWFRHIILFLHQWVGHSHQGLQJ
RQWKHWLPHWVXPPHGRYHUDOOYDOXHVRIWKHVFDOHD
,QFDVHRIHOHFWULFDOIOXFWXDWLRQVRIIXHOFHOORSHUDWLRQPRGHLVFKDUDFWHUL]HGE\WKHIROORZLQJSDUDPHWHUV7)& &
7+$ &3$ 3& N3D4$ 4& POPLQ5/ 2KPKHUH7)&IXHOFHOOWHPSHUDWXUH7+$WKHWHPSHUDWXUHRI
WKHDQRGHPRLVWXUL]LQJV\VWHPDGGLWLRQDOPRLVWXUHFDWKRGHJDVZDVQRWXVHG3$3&RXWSXWSUHVVXUHDQRGHDQGFDWKRGH
JDVWUDQVPLVVLRQFKDQQHOVUHVSHFWLYHO\4$4&IORZUDWHVDQRGHDQGFDWKRGHJDVHV5/HOHFWULFWKHORDGLPSHGDQFH
)LJDLOOXVWUDWHVDIUDJPHQWRIWKHHOHFWULFQRLVHIOXFWXDWLRQVLQDIXHOFHOORSHUDWLQJPRGHGHVFULEHGDERYH7KH
IOXFWXDWLRQV RI WKH IXHO FHOO FRQWDLQ VWURQJO\ SURQRXQFHGQR VWDWLRQDU\ HYHQW LH D VKDUS GHFUHDVH LQ WKH YROWDJH
PDJQLWXGHRQWKH97KHODUJHPDJQLWXGHRIWKHYROWDJHGURSDQGVKRUWHQRXJKUHFRYHU\WLPHVXJJHVWWKDWWKLV
HYHQWGXHWRWKHFKDQJHRIPRLVWHQLQJWKHPHPEUDQHHOHFWURGHDVVHPEO\7KLVHYHQWPD\EHGXHWRZDWHUFRQGHQVDWLRQ
DQGIRUPDWLRQRIZDWHUGURSVZKLFKDUHSDUWLDOO\EORFNLQJWKHVXUIDFHRIPHPEUDQHHOHFWURGHDVVHPEO\,QWXLWLYHO\
VRPHZHDNVLJQDOVKRXOGKDYHRFFXUUHGEHIRUHVWURQJFKDQJHWKDWUHVXOWHGLQGRXEOHGHFUHDVHRIYROWDJH7KXVVPDOO
IOXFWXDWLRQVFDQVHUYHDVGLDJQRVWLFIHDWXUHVWKDWDOORZSUHGLFWLQJWKHFKDQJHLQWKHIXHOFHOORSHUDWLQJPRGH7RGHWHFW
WKHVHVPDOOIOXFWXDWLRQVZHVXJJHVWXVLQJPHWKRGRORJ\EDVHGRQZDYHOHWDQDO\VLVRIHOHFWULFDOIOXFWXDWLRQVRIWKHIXHO
FHOO$VVKRZQLQ)LJEVHFRQGVSULRUWRWKHDERYHGHVFULEHGFKDQJHWKHQDWXUHRIWKHIOXFWXDWLRQVDVVRFLDWHG
ZLWKWKHUHOHDVHRIWKHQRPLQDOPRGH)&RQHFDQREVHUYHDVLJQLILFDQWLQFUHDVHWKHVXPRIDEVROXWHYDOXHVRIWKH
ZDYHOHWFRHIILFLHQWVWRWKHYDOXH


)LJ(OHFWULFIOXFWXDWLRQRIWKHIXHOFHOOPRGHRIRSHUDWLQJDVXPRIWKHZDYHOHWFRHIILFLHQWVE
7KLVIDFWZKLFKZDVREVHUYHGLQRWKHUFDVHVLQWKHVDPSOHRIREVHUYDWLRQVHQDEOHVXVWRVXJJHVWWKDWDVKDUS
FKDQJHRIZDYHOHWFRHIILFLHQWVWKDWFDQGHWHFWWKHSUHVHQFHRIVPDOOSRWHQWLDOIOXFWXDWLRQV)&WKDWRFFXUSULRUWRODUJH
VFDOHIOXFWXDWLRQV7RIROORZWKHSDWKZHFRQVLGHUHOHFWULFIOXFWXDWLRQVRIK\GURJHQIXHOFHOOZKLFKPRGHRIRSHUDWLRQ
LVFKDUDFWHUL]HGE\DYHU\VWURQJPRLVWHQLQJXQLWRIPHPEUDQHHOHFWURGHDQGFRQVHTXHQWO\DYHU\ORZSRWHQWLDORI
WKHIXHOFHOO)LJD3DUDPHWHUVPRGHRIRSHUDWLRQ7)& &7+$ &3$ 3& N3D4$ 4& POPLQ
5/ 2KP
5HVXOWVRIWKHZDYHOHWWUDQVIRUPLQGLFDWHWKDWLQWKLVPRGHWKHUHLVVLJQLILFDQWDOPRVWWKUHHIROGWLPHLQFUHDVHLQ
WKHFRHIILFLHQWVRIZDYHOHWWUDQVIRUPWRDYDOXHRI)LJE
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:LWKDGHFUHDVHLQIXHOFHOOSRWHQWLDOWKHUHLVLQFUHDVHGWLPHGXUDWLRQRIODUJHYDOXHVRIWKHZDYHOHWFRHIILFLHQWVLQD
UDQJHIURPVHFRQGV WRVHFRQGV+HQFHZDYHOHWFRHIILFLHQWVFKDQJHVLJQLILFDQWO\ZLWK LQFUHDVLQJPRLVWXUL]LQJ
PHPEUDQHHOHFWURGHXQLW7KHVDPHILQGLQJVDSSHDUHGLQDQRWKHUFDVHVRXWRIH[SHULPHQWDOREVHUYDWLRQV
,QDQRWKHU)&PRGH)LJFWKHUHLVDPRQRWRQLFLQFUHDVHLQSRWHQWLDO)&ZLWKDWUDQVLHQWUHGXFWLRQLQWKHYROWDJH
YDOXHRIP9DWWLPH6KRUWGXUDWLRQYROWDJHGHFUHDVHWKDWDSSHDUVLQWKHILJXUHLVDOVRDVVRFLDWHGZLWKWKH
DSSHDUDQFHRIZDWHUGURSVLQWKHPHPEUDQHHOHFWURGHXQLW
7KHILUVWVLJQLILFDQWLQFUHDVHLQWKHZDYHOHWFRHIILFLHQWVRFFXUVDWVHFRQGWLPHSRLQWDERXWVHFRQGVEHIRUH
VKRUWWHUP UHGXFWLRQSRWHQWLDO IXHO FHOOV )LJG6LPLODU HIIHFWVZHUHREVHUYHG LQFDVHVRIH[SHULPHQWDO
REVHUYDWLRQV $V LQ SUHYLRXV FDVHV WKH VKDUS LQFUHDVH LQ WKH ZDYHOHW FRHIILFLHQWV FDQ GHWHFW H[FHVV PRLVWHQLQJ
PHPEUDQHHOHFWURGH XQLW ,Q DOO FDVHV FRQVLGHUHG D VKDUS LQFUHDVH RIZDYHOHW FRHIILFLHQWV LQGLFDWHV D FKDQJH RI
RSHUDWLQJPRGHRIWKHIXHOFHOO


)LJ(OHFWULFIOXFWXDWLRQRIWKHIXHOFHOODVXPRIWKHZDYHOHWFRHIILFLHQWVEPRGHRIRSHUDWLQJDEPRGHRIRSHUDWLQJFG
,PSOLFDWLRQVWRWKHRU\DQGSUDFWLFH
7KHSDSHUVXSSRUWVH[LVWLQJOLWHUDWXUH>@LQFRQILUPLQJWKHSRVVLELOLW\RIDVVHVVLQJHOHFWULFDOQRLVHLQVWHDG
RI PRLVWXUL]LQJ WR LQGLFDWH UREXVWHQHVV RI IXHO FHOOV 7KHPDLQ LPSOLFDWLRQV LQ SUDFWLFH DUH FRQILUPDWLRQ RI WKLV
VXJJHVWLRQRQH[SHULPHQWDOGDWDRI3()0&DQGSURRI WKDWZDYHOHW WUDQVIRUPDOORZVKLJKHUTXDOLW\RI UREXVWQHVV
GLDJQRVWLFVDWHDUO\VWDJHRSHUDWLRQLQFDVHRSHUDWLRQDOSURFHVVFDQQRWEHVWRSSHG
7KHSUDFWLFHRULHQWHGDGYDQWDJHRIWKHVXJJHVWHGPHWKRGLVWKHSRVVLELOLW\WRGLDJQRVH)&ZLWKRXWDEQRUPDOLW\IXHO
HOHPHQW PRGH RSHUDWLRQ 7KH FKDQJHV FDQ EH REVHUYHG LQ LPPHGLDWH UHVSRQVH RI WKH ZDYHOHW FRHIILFLHQWV WKDW
FKDUDFWHUL]H WKHVWDWHRI WKHPHPEUDQHHOHFWURGHXQLW± WKXVDEVROXWHYDOXHVRI WKHZDYHOHWFRHIILFLHQWVEHFRPHD
GLDJQRVWLFVIHDWXUH7KHSURSRVHGPHWKRGDOORZVSUHGLFWLQJWKHRFFXUUHQFHRIFKDQJHVLQWLPHZKLFKLVVXIILFLHQWWR
LPSOHPHQWPHDVXUHVWKDWSUHYHQWQHJDWLYHLPSDFWRIVXFKIOXFWXDWLRQVZKLFKDUHGXHWRFKDQJHVLQWKH)&PRGHRU
DFWLYDWHDEDFNXSVRXUFHRIHOHFWULFLW\:DYHOHWDQDO\VLVPDNHVLWSRVVLEOHWRORFDOL]HSRWHQWLDOFKDQJHVEHIRUHWKH
SUREOHPLVUHYHDOHGZKLOHRWKHUPHWKRGVRIVLJQDOSURFHVVLQJGRQRWKDYHWKLVDGYDQWDJH
,PSOHPHQWDWLRQRIWKHVXJJHVWHGGLDJQRVWLFVPHWKRGZRXOGDOORZUHGXFHGQXPEHURIIDLOXUHVLQV\VWHPVWKDWXVH
3URWRQ ([FKDQJH 0HPEUDQH )XHO &HOOV DV WKH PDLQ VRXUFH RI HQHUJ\ $QRWKHU SUDFWLFDO LPSOHPHQWDWLRQ LV WKH
QHFHVVLW\WRDGDSWUHJXODWLRQSROLFLHVLQRUGHUWRHQVXUHXVHRIDGHTXDWHGLDJQRVWLFVZLWKLQWKHSURFHVVHVRIIXHOFHOOV
XVHLQHQHUJ\SURGXFWLRQ
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/LPLWDWLRQVDQGIXWXUHUHVHDUFK
7KHPDLQOLPLWDWLRQRIWKHVWXG\LVWKDWLWH[DPLQHVRQO\WKHGDWDDFTXLUHGLQH[SHULPHQWVZLWKRQHSURWRQH[FKDQJH
PHPEUDQHW\SH7KXVWKHPDLQVWUHDPRIIXUWKHUUHVHDUFKOLHVLQH[SHULPHQWLQJZLWKRWKHUW\SHVRISURWRQH[FKDQJH
PHPEUDQHVWRHQVXUHWKHLUUREXVWQHVVFDQEHWHVWHGXVLQJWKHSURSRVHGSURFHGXUH
5HIHUHQFHV
>@ .DQLOR3.RVWHQNR.3HUVSHFWLYHVRIEHFRPLQJRIK\GURJHQHQHUJ\DQG WUDQVSRUW$XWRPRELOH WUDQVSRUWFROOHFWLRQRIVFLHQWLILFSDSHUV
±
>@ 6RORYH\9.DQLOR 3+U\WVHQNR$+\GURJHQ HFRWHFKQRORJLHV ± LQQRYDWLYH FRQVWLWXHQW RI WKH SUREOHP RI HFRORJLFDO VDIHW\ LQFUHDVH RI
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